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Functional quantum theory of free Fermi fields is treated for the special case of a free Dirac
field. All other cases run on the same pattern. Starting with the Schwinger functionals of the free
Dirac field, functional equations and corresponding many particle functionals can be derived. To
establish a functional quantum theory, a physical interpretation of the functionals is required. It is
provided by a mapping of the physical Hilbert space into an appropriate functional Hilbert space,
which is introduced here. Mathematical details, especially the problems connected with anticom-
muting functional sources are treated in the appendices.

The operator equations of quantum field theory
can be replaced formally by functional equations
of corresponding Schwinger functionals!™3. To
give this formalism a physical and mathematical
meaning one has to develop a complete functional
quantum theory as has been proposed in preceding
papers 5. Then the complete physical information
has to be given by functional operations only. In
this paper this program is realized for free relativ-
istic Fermi fields. This treatment is of physical as
well as of mathematical interest. Mathematically it
requires a thorough investigation of anticommuting
sources, which has not been given so far. Physically
it is required for the functional S-matrix construc-
tion of interacting fields, as commonly is assumed
that these fields contain asymptotic free particle sta-
tes which have to be described by functionals, too.
In order to give a detailed treatment, we discuss a
special case of free relativistic Fermi fields, namely
the Dirac field. But the discussion shows that an
application to other types of Fermi fields is quite
obvious. To separate the essentials from mathemati-
cal details, the latter ones are treated in the appen-
dices. Throughout this article A =c=1 is used.

1. Fundamentals

For the discussion of free relativistic Fermi fields
we consider the special case of Dirac fields. Dirac
fields can be formulated by Hermitean field opera-
tors 6. By the use of these operators functional cal-
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culations are simplified and the structural content
of the theory becomes transparent. A thorough dis-
cussion of them is given in Appendix I. Denoting a
Hermitean Dirac spinor by %,(x) the field equa-
tions read

(“GEQ,+mdl) We(x) =0  (1.1)

where the quantities occurring in (1.1) are defined
in Appendix I. The anticommutation relations for
the quantized field are

[Pa(2) () ] timmzy = 0up8(t—1).  (1.2)

For (1.1) (1.2) a representation space can be con-
structed containing all many particle states of an
arbitrary number of free relativistic Dirac particles
with mass m. We assume |a) to be a state in this
space. If necessary |a) can be specified further by
its set of quantum numbers.

Of fundamental interest are the transformation
properties of the field operators. By invariance re-
quirements they transform according the law

UWs(z) Ut=Di W, (ax+b)  (L.3)

where (a, b) are the transformation operators of a
Poincaré transformation in ordinary Lorentz space,
D means a representation of (a, b) in classical spi-
nor space, and U a representation of (@, b) in phys-
ical Hilbert space.

For the functional description we introduce spi-
norial source operators j*(z) and corresponding
operators of functional differentiation 34(x) satis-
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fying the anticommutation relations
[j*(z) 34(2")] . =03d(z—2),

[j*(2) ()], =0,
[3a(x) 35(2")], =0.

(1.4)

The transformation properties of these operators are
assumed to be

Vit(x) V'1=D"%j(ax+b),

V 3.(x) V"1=DE34(azx +b) (1.5)

where V' means a representation of (a,b) in the
corresponding functional space. A detailed discus-
sion is given in Appendix II.

Then the generating Schwinger functional is de-
fined by

Z(ja): = (0|T exp{i [ ¥.(2) j*(2) dz} |a)

i ¥ 'VS (O|T Y, () oss P () |60}

n=07.

I

(). () dzy ... dx, (1.6)

where (0] is the physical vacuum state. Observing
the transformation properties of fields (1.3) and
sources (1.4) it follows that ¥ (j) transforms under
Poincaré transformations like an invariant opera-
tor 7

T (j,a) =V E(j,a) V1. (1.7)

To define the functional representation space com-
pletely, a functional vacuum state |@,) has to be
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introduced. Then
|Z(,a)) : = T(j,a) | @)

transforms like a functional state and for fz( j,a))
the functional equation

(i G2 9,+mdf) 3(x) | T(j.a))
— —i%% js(@) | X (j,a)) (1.9)

can be derived, see Appendix III. It should be em-
phasized that this derivation is possible only for the
states (1.8) but not for the operators. So the defini-
tion of the functional vacuum state is an important
step.

(1.8)

2. Eigenstate Functionals

Defining by % the maximal set of quantum num-
bers for the quantum mechanical one particle solu-
tions of the nonquantized Dirac equation, the base
vectors of the fieldtheoretic physical Hilbert space
are given by |a) = |k; ... k,) where n=0,1,...,
and %, runs through all possible quantum number
combinations of the maximal set. The correspond-
ing functionals are defined by |X(j, ky...k,))
which can be obtained from (1.6), (1.8) by sub-
stitution of a physical base vector for | a). One may
suppose that these states play a similar role in func-
tional space, i. e. that they define a proper base vec-
tor set in this space. The calculation of them is pos-
sible by direct evaluation of the definition (1.6),
(1.8) for | T(j, ky... k) ) -

But a shorter procedure is the calculation by means of the functional equation (1.9). To do this we

make the general ansatz

|T(j)) =exp{— 3 [ j*(2) Fup(z—y) j*(y) dz dy}| D()) ) -

(2.1)

Then by elementary transformation of (1.9) an equation for | @ (j) ) can be derived:

(628, +m3) [ [ Fa(z—y) j(y) dy +33(@)]1| D(j)) = —i°CL js(a) | D(j)) -

Assuming now F to be a solution of

(#“GEQ,+mdb) Fp,(x—y) = —i%G,, 0 (x—y)
(i“G53,+m %) 34(x) | D(j)) =0

for | @ (j)) the equation

(2.2)

(2.3)
(2.4)

follows. Denoting by fs(z|k) the quantum mechanical one particle solutions of the Dirac-equation (1.1)

a solution of (2.4) is given by

1 |
| @(j)) = alP Zl J(=D)2 fo (21| k2) - . fou(zn| k1) i (20) .. jPr(za) | o) d2y...d2y. (2.5)

7 H. StumeF, H. G. MARTL, and K. SCHEERER, to be publ.
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This can be verified by elementary calculus. As in (2.5) the quantum numbers k; ...k, occur, it is
obvious to put

(T ky - ka) ) =exp{— 3 [ j2(2) Fip(x—y) j(y) dzdy} (2.6)

% anP , Z} S(=1)? fa (2| ki)« o« fou (2| ki) 51 (21) . jP (24) | o) dazy ... dzp.

The final proof that (2.6) is valid can be given by means of subsidiary conditions. Due to the group
theoretical structure of quantum theory any quantum number is connected with the diagonalization of
an infinitesimal operator of the corresponding symmetry group. For these operators a representation in
functional space can be given, too”. In consequence any quantum number definition in physical Hilbert
space by means of infinitesimal operators can be transferred in functional space leading there to the so-
called subsidiary conditions. As for this statements we refer to 7 we do not give here a detailed treatment.
We only state that by means of these conditions (2.6) can be justified.

3. Functional Orthonormalization

In order to derive a functional quantum theory it is necessary to define a mapping of the physical Hil-
bert space into functional space, and to obtain by this way a physical interpretation of functional states.
To do this we introduce a functional scalar product and examine its effect on state functionals of type
(2.6). In analogy to the treatment of the harmonic oscillator functionals® we define the weighted func-
tional scalar product by

(M ITD)w= (g TR lg() TH)) (3.1)
with g(j) : = e 26— (3.2)

where F is the twopoint function of Sect. 2, while G is a general weighting function which will be fixed
later. Observing (I1.19), (1I.34), and (2.6) we obtain from (3.1)

=[P S (-17 i (=1

ki) -« fa (2n

ki) P Zz(“”””‘ @m | k1)« -« fom (1] i) (3.3)

ﬂl: /3": ﬂl ﬂm ’ ’

X (Dp(2y...23) | Dp(2y o . Zp) ) A%y ... d2p dy ... d2,, .
As the functions fz(z|k) are real functions, they are reproduced by complex conjugation in the adjoint
functional (X (j)| leading thus to (3.3). Using the summation convention of Appendix II evaluation of
(3.3) acording to (11.45) gives
EGh - TGk k))y

=g’,21(,— )P f(z1|ka). .- f(zn kA;)lp Zl (= 1)7 f(ay | kn). . f(2m | Kzn)
1 eooln 1eechm

(3.4)
x Soremimp__ (SDOTR 1 poneny  Fmem A 8. Aam i)
o 3(n—-20)!"3(m—-20)! (20)!2

X A(E1 E1) .o A(Ezp E20) C(Eog41 Engr2) .+ CEn—1&n) C(&204152049) - - C(éme1 Em)-

For the effective calculation of (3.4) it is neces- both suggested by the current expression of Appen-

sary to fix the weighting function G. We make the dix I. As (3.5), (3.6) are Poincaré forminvariant

ansatz quantities, it is sufficient to evaluate (3.4) in a spe-

Gy (2,7) : = d(z—2) f (&) (3.5) cial frame of reference defined by a : = (1,0,0,0).
In this frame of reference (3.5) becomes

fior (&) : = i*G% a; f(a* 23) (3.6) Gl (2,2) =24 8(x—2) f(az’)  (3.7)

and

8 R. WEBER, Thesis, University Tiibingen 1970.
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with
Z5

1= 19GE .

(3.8)

All weighting functions appearing in (3.4) are
functionals of G. The corresponding functional rela-
tions are derived in Appendix II, namely (II.25),
(I1.32), (I1.36), (I1.39), and (II.43). By the spe-
cial choice of G (3.5), (3.6), resp. (3.7), (3.8) a
straightforward and exact calculation of these func-
tions is possible. We give its result for the rest
frame (3.7), (3.8)
A(z2) = (°G°6),, 6(z—2) a(z),
HH
C(xx)= Z,/0(x—2) c(@) =C(z2"), (3.9)
%% x %

A@z) = g d(w—2) d(&) = A(z2))

xx

Substitution of (3.11), (3.13) into (3.4) gives then
(‘I,(], k; ---k;z) |Cz(], k1 . -km) >W
=f[;',Z g = 1)7 fgi (z1
TC
) ] _ 1)(n+m)/2 1
229—(n1~m)/2 — ( - S
X 2 t(n—20)!"3(m—20)! (20)"

x ZFrenPren § (g0 0 250 10) by(Zagin). .  ZF '

ki) .. foa (x| Ka

H. STUMPF

with a(2’) 1= 142 (2),

c(@) 1= f(2) a(2),
d(@) := Zof'z’”(x')-

u=

(3.10)

For (3.4) the following combinations are required

7 ol

B’ n , np
[A4E &) A(El &) A(éx) d¢d¥&
n'

= (G G)P d(x—2") by(x) (3.11)
with by (z) : = d?(2) a(2)) (3.12)
and
B , np ,
JA(Z &) C(E§) A(Sx) ds dé
! ;Zﬁ/f'é(x—z') by (2)) (3.13)
with by(2') 1= &*(2) f(2) a(2)). (3.14)

) I; Zl( - 1)P fﬂl(xl I kh) .. 'fﬁl (xm I k)'.m)

(3G °G) Pt §(2; — ;) by(22) ...
(3G 9G) PP+ § (135 — x2,) b (2,)

O (Tn-1 —n) bz () (3.15)

X Zﬂzwlﬁ”” o (x29+1 - z?g-«»‘_’) bZ (x29+2) - v Lho1 B a(xm— 1 “xm) b2 (Im) dl‘; LR dx;z dxl cee dxm .

Now it is according to (1.39), (1.40)

[ 1y @ | k) (PG °G)¥? f5(2| k') by(zo) dz = J [f1a fix + fa fo2] by (2g) dz=p” s

[ iy (x| k) Z°7 f5(x | K) by(zo) dx = J [f1a for — fau fia] b2(z9) dx = 0O

(3.16)

if the function by(z,) is properly normalized. But this can be achieved by an appropriate choice of f(z;)
appearing in (3.10). Therefore the orthonormality relations

T s 31l 3 n ]. ’ ’
(sz(]:kl ---kn)]z(]kl"'km)>W=6nmhr'le (“‘]-)pé(kl —‘kh)'--é(kn—k}.n)
follow directly from (3.15) by observing (3.16).

(3.17)

4. Localized Free Fields

Besides the free particle states with definite four momentum, also a description of localized wave packets

is needed for the purpose of S-matrix construction. Dividing the quantum numbers %k of the maximal set
of Sect. 2 into the four momentum quantum numbers p : = (), p,) and the additional quantum numbers
s, like spin, charge etc. an explicit representation of the corresponding states (with definite four momen-
tum) is given by

[kyooiky) := a*(Pysym)...a*(Pps,m) |0) (4.1)

where a* (D, s, m) are the creation operators of particles with these quantum numbers. To construct wave
packets, we introduce the creation operators of localized particles by

g (0) 1= [ fo(5,0) a*(Esm) df (4.2)
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where n denotes the set of wave packet functions and the f, are orthonormalized we obtain from (4.2)
by observing the anticommutation relations of the a and a*

[gns(2), q:n_s’ )]+ =0mm Oas s [gns(2) gms' (1) ]+ = [q;s () q::+zs’ (1)].=0.

Therefore the states of localized particles

|7y 8y e msmt) 1= @riss (8) ... @insn (£) | 0)

are orthonormalized due to (4.3)

’ i ’ ’
(nlsl ---nmsmtlnlsl"-nnsn”zamn};z (_l)pan'mu 68;811 .

These properties can be transferred into functional space. Observing

[y syee nnsat) = fou (F18)eesfun (Fat) @ (Fysym) ...a* (£, 5,m) | 0) dk,

(4.3)
(4.4)
- Oniunsm Osimsm (4.5)

1e0edn
dk, (4.6)

and the definition of the corresponding functional states (1.6) we obtain by combination of (4.6) and

(1.6) the localized state functionals

| TGy syeotnsnt)) t= S o (Fr) e fum (Ba) | TG Fysye. - Tusy) ) dky...dk,.

(4.7)

By k:= (f,s) the orthonormality relation (3.17) can be specified, to give the orthonormality relation

(z(]sn;. 3; n;n S;nt) !z(janlﬁ---"nsnt)) =((smnpz (_l)pan(mx 6s’18,1 ..

for the localized state functionals.

It is still convenient to express the localized state
functionals (4.7) not in terms of the original field
operators ¥, (z) but in terms of quasilocalized field
operators arising from the definition (4.2). To do
this we represent the creation (and destruction)
operators by the original field operators. This gives

a(p,r) = (2n) 7 [ ff (p) Po(z) dr  (4.9)
and it follows
@nr (1) = [ far (1) Po(z) dr (4.10)
with [ i () forp (x) At =0, 6, (4.11)
Assuming an expansion of j*(z) into
7 (z) = g frs (1) jns(2) (4.12)

we obtain by substitution of (4.12) into (1.6) by
(4.10)

X (jong sy nysyt): (4.13)
= (0]Texp{i%f Gns (2) jus(2) At} | ny sy . npspt) .

which gives the desired representation by quasilocal
field operators.

* Aus satztechnischen Griinden mufite hier und im folgenden
im Index statt 1, usw. A1 gesetzt werden.

Ontmin Ospusim (4.8)

b - |
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Appendix I

a) Quantum Mechanical Case
The ordinary Dirac equation reads
(—iyhp O, +mdyg) ws(x) =0. (I.1)

Defining the adjoint spinor by 3(z) : = ya(z) 1%
its equation reads

Pu(@) (748, +mOp) =0.  (12)
Putting now
vp(2) =:@u(@);  yp () =:@p(z) (13)
real spinorial wave functions
op(z) = car' @i (x) (1.4)

are introduced with

¢ :=(2)”?!<_i1 ll), c:=(2)_5<i _2) (I.5)
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By elementary calculus Egs. (I.1), (I.2) can be
combined to give an equation for the real spinorial
wave functions

(z thﬁ@ a.u +m 6(1859) Tﬂa () =0 (1.6)

with Giepo : = ¢t Thigacip (I.7)
n . —7&3 0 )

and Iwa,g,ﬂ;_ L= ( 0 }":E . (18)

The transformation law of ordinary Dirac spinors
reads
Yo (&) =S,5(a™Y) wp(ax’ + L) (1.9)

for Poincaré transformations (a, L), Putting

S=ReS+iImS
for real spinors the transformation law
Vou (2') =D pop(a™?) Poplaz’ +L)  (1.10)
can be derived with
. Re Saﬁ —Im Sag)
D,uop : = (Im S ReS.,)® (I.11)

As (I.1) and (I.2) are forminvariant equations
under Poincaré transformations the derivation of
(I.6) is valid in any frame of reference, and there-
fore (I.6) is also a forminvariant equation. Hence
it follows by the usual procedure, that the G* trans-
form acording to the transformation law

(1.12)

(I.12) suggests to consider the G* matrices to be
mixed co-contravariant tensors in spinor space due
to their transformation properties. Therefore in ana-
logy to ordinary tensor calculus we define the mixed

A
7(10/3 Goﬂx6 Drém =ay quev

spin tensors

A 5} A
*Gos = Gop s

numerical identity

it = Dy (113)
Then the Eq. (1.6) reads
(i* G2 3, +m 852) Ws,(2) = (1.14)
and the transformation law (1.12)
DB DSACE —dd 262 (1.15)

where D71 is defined by the invariant relation

DD =0%. (1.16)
In the following besides the tensors (I.13) an ad-
ditional tensor

56 1= W T & (I.17)
is required with
: ~32 0
5 /-B A ( - . .
I 0 & ) (1.18)

H. STUMPF

By direct calculation it can be shows that (1.17) is
a forminvariant quantity i. e.

B == D18 po 2, (1.19)

Now we are in the position to consider the most
important Poincaré invariant resp. covariant expres-
sions, first of all the invariant ¥ 1. By means of
(I.4) we obtain

S o 18 X0 . X 50
9*'1P-=‘¥171ﬂ1/ﬂ—é 'I/uaéuo/’aﬁy/oﬂ'

As the wavefunctions transform according to (I1.10),
and (I.20) has to be an invariant, the identity

Tua 6#0 Vgﬁ gjaﬂ o ![luu g o Toﬂ (1'21)

has to be valid, where the metrical fundamental ten-
sor in spinor space is defined by

(1.20)

(1.22)

g"*% : = §,, 7% numerical identity .

By means of the transformation properties of 0 it
can be shown that ¢ is a forminvariant quantity
under Poincaré transformations, i. e.

g — Di%, Dﬂ,ﬁ, wa' o'f’ (I.23)

in accordance with the transformation law of a
double contravariant tensor. The simultaneous vali-
dity of (I.23) and (I.15) both containing »° is no
contradiction, as the same phenomenon occurs in
ordinary Dirac theory.

The metrical fundamental tensor can be used to
raise resp. to lower the indices. Especially

Yob =W, g"% (1.24)
transforms like
P'b(x') =D W (az’ + L) (1.25)
due to the invariance of
¥ iag b WopsWE W, (1.26)

The next important quantity is the current. It is de-
fined in ordinary theory by j*=%y*vy. For our
purposes we require only a specialized form namely

Pla|kE) =45 (x| k) (o) asys(e|K)  (127)
where 1, (x| k) is a solution of (I.1) for the maxi-
mal set of quantum numbers, defined in Sect. 2.
For (1.27) a conservation law

fdo; x| kE) =2[ do; j*(z |k k') (1.28)

is valid, with X and =2’ spacelike surfaces. Special-

izing to planes
S:i=a“2,+b=0; 3':

=a*z,+b=0. (1.29)



(1.29) can be written

As b can varied arbitrarily we may have with [ G(b) db=1

On the other hand by putting ™= (1, 0, 0, 0) we obtain combining (I1.31), (1.30)

ie. 45 @[ k) (v wpard(z—y) G(—a*z,) vy | K)dy dy =0 .

Now we express this relation in real spinors. We state that
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[ | bE) S(er e+ B) dz = [ afle] k) ${d 2, +) dz .. (1.30)
[a,j (x| kK) d(a“x,+b) de= [a;j (x| kE) d(a“x,+b) G(b) dx db

=[a;j (x| kK) G(—a*z,) dx. (1.31)

@ (2| kK) G(—a*2,) du=[ yE (O] k) y, (O] K) dr =y (132)

(1.33)

[ (x| k) CC*G)% a; 0 (x—y) G(—a“x,) fp(y| k) dedy =Sy (1.34)

fos(z| k) : = copip(z| k). (1.35)

is valid with

To prove this statement we observe (1.34) to be an invariant under Poincaré transformations. There-
fore (1.34) is valid, if it is valid in a special frame of reference. For this special frame we choose

G(—a*x,) = ().

Then (1.34) becomes

S (1,0 k) 3G G) & fop (v, 0| K) dv = [[f1a(x, O[ k) f1a(x, 0K +fou(x, 0 k) fou(x, 0| %) ] dr

(I1.36)

(I.37)

by straightforward calculation. On the other hand we have by direct substitution

Sw =S Wi (1,0 k) yws(x, 0 K) dv = [[f1a fix + fou fou] AT +i [ [f1a fox — f2a f1a] dr .

As [ is completely real it follows

f [flu(r901k) fla(rsolk') +,f2a(rsolk) f2a(r30|k’) dr:élx‘k'
S [f1a(1, 0 ) fou(T,0] k') — fou(1,0] k) f1o(r,0| k) dr =0.

and

(1.38)

(1.39)
(1.40)

Combining (1.37) with (I.40) the statement (I.34) is proven.

b) Field Quantized Case

In this case v (z) becomes an operator in Hilbert
space, and the adjoint operator iy (z) is defined by
Pg(x) =y* (x) y where y*" means the Hermitean
conjugate of v in Hilbert space. These operators

satisfy the Egs. (I.1) and (I.2). Additionally they

satisfy the anticommutation relations
[pa(@) Wi (2)] +/z0=2y =0(x—1") S5 1. (1.41)
[We () w5(2') 1 timmzy = [y (2) v () ] bizmas

=0. (L.42)
Defining now
wp(z) =:@ip(2); i (¥) =:@p). (143)
Hermitean field operators are introduced by
Y o5(2) =coit @ip(z) . (I.44)

Then the anticommutation rules (I.41), (1.42) go

over into
[ T/m (.’L‘) Toﬁ (x,) ] + [To=2," = 6 (r = r’) 6/1:1 oB 1 (14‘5)

and the Hermitean operators satisfy Eq. (1.14).
The operator transformation law is for ordinary
Dirac operators

U (@) Ut =Spu(a™) pula’ +L)  (L46)
and in Hermitean operators
UWs(x) U =D, ¥, 1(ax’+L) (L47)

For simplicity we replace the double indices f, by
only one index in the following calculations as long
as no misunderstanding is possible. Then we obtain

the Egs. (1.1), (1.2), (1.3).

Appendix II

Formally we introduced anticommuting sources
jma(x) and corresponding functional derivatives
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OQma(x) for Hermitean field operators defined in
(I.44). Like in Appendix I we replace the double
indices n a by only one index in the following cal-
culations as long as no misunderstanding is pos-
sible. Before discussing the existence of these ope-
rators we write down the conditions which they
should satisfy. These are the Poincaré invariant
anticommutation rules

[ja (:II) ja' (.’E,) ] = 0 ’

[ja(®) 3 (2) ], =% d(z—2), (IL.1)
[C*(x) ¥ ()], =0
together with the transformation law
Vja(x) V1=Dijs(az +b),
V3i(x) V"1=D"1F(ax+b) (I1.2)

for Poincaré transformation (a, b) where V' is a re-
presentation in functional space, and

9%(2) : = g/ Qp(x); j*(x)

are defined in accordance with (I.24). It can be
shown easily that (II.2) effects the invariance of
(IT.1). Therefore (II.2) and (II.1) are consistent

conditions.

i— g jy(a) (IL3)

To prove the existence of j and S we show that
this problem can be reduced to the existence prob-
lem of ordinary creation and destruction operators
of free relativistic fields. To do this we make the
ansatz

ja(@) = 2 [eu(p|%) €7 a; (p) dp,  (I1.4)
where the integration runs over the entire Lorentz
space. (II.4) can be divided into invariant subspace
integrations

jal(z) = thfci (p| =) er*d." (p) dp

+Lf & (pl=) erra’ (p)dpl,  (IL5)
S

where L; denotes the manyfold of timelike or light-
like vectors p2 > 0 and L; the spacelike vectors
with p?<0. To define the quantities occuring in
(I1.5) we observe that a division into classes is pos-
sible by the mass values p>=m? (timelike, light-
like), p?= — u? (spacelike). Then a class is defined
by a fixed value of m esp. u, and each p can be
contained only in one class. In each class exists a
rest system with m := me, resp. := ue; and
for any p of this class a Lorentz transformation
a'p=m resp. a°p= W exists. Therefore we may

H.STUMPF

define
¢k (p|x) :=DE (a1) ch (m|x), peCp,
¢ (p|#) :=Df (a*Y) ¢ (1]|%), peC,. (IL6)

Additionally one should distinguish between for-
ward and backward lightcone, but this is a com-
plication which can be omitted for these considera-
tions.

As the scalarproduct is an invariant quantity the
definition of classes is Lorentz invariant, too. There-
fore for any Lorentz transformation w p’=p, with
peC, resp. C, it follows p'€ C,, resp. C,, and
the transformation law

¢ (p'| %) =DE (w™1) cs(wp’| %) (IL7)

is consistent with the definitions (I1.6). To investi-
gate the transformation law of (II.4) we calculate
D (w™1) jp(wz) =
-3 [ D2 () e5(p| %) €7 0 (p) dp, (IL8)
x

which becomes with pw=p’, (II.7) and the group
properties of D
D; (w™) jp(wa)-
=> [e.(p'| %) e ai (p'w™1) dp’. (11.9)

Due to the arguments given before also the a,(p)
belong uniquely to one class. Therefore we put

pECn,
p €c,, (I1.10)

where a (p,m) resp. a (p,u) are creation opera-
tors of ordinary free relativistic fields of mass m,
resp. 7 . For these operators the transformation law

V(w)ay (p'w™) V71 (w) =ay (p)  (IL11)

is valid, and therefore substitution of (II.11) into
(I1.9) gives (I1.2) for homogeneous Lorentz trans-
formations. To construct the functional derivatives,
we put

() = S p|x) e a,(p) dp. (IL12)

a’ (p) := a. (p,m),
ai‘r (P) SE a; (P, lLl),

and require

Sep(m|x)ch (m|x)" =0} . (I1.13)

Then by the invariance of

Sep(pl=)cf (p|#)* = Secg(m|x) f (m]x)*
# ® (I1.14)

one realizes by direct calculation that (IL.1) is
satisfied. It is easy to extend (I1.9) to inhomogene-
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ous Lorentz transformations, so that an explicit re-
presentation of j and O is given, satisfying (IL.1),
(I1.2), provided the a,(p, m) resp. a,(p, n) exist.
This is asumed in the following.

To construct appropriate functional spaces we do
need an additional information about the functional
ground state. In the simplest case we require

9s(x) | o) = (I11.15)

where | ¢,) denotes the functional ground state. The
possibilty of the condition (II.15) is obvious due
to (II.12). Starting from this formula various func-
tional spaces may be generated by using the weight-
ing functional

e 161 : = exp{ — [ ju(x) GC*#(z,y) js(y) dxdy},
(I1.16)

where G is an antisymmetric function in (a,z) and
(B,y). For (II.16) the relation

A*(x) e 161 = 7161 Q= (x) (I1.17)
holds with
A*(2) 1= [2[ 6 (x,y) js(y) dy +0*(2)] .

Then a weighted ground state |®,)g may be de-
fined by

(I1.18)

| Po)e : = €776 | py) (I1.19)
and from (I1.15) (I1.17) follows
A*(z) | @y)a=0. (11.20)

The total Hermitean conjugate, i. e. the Hermitean
conjugate with respect to spinorial as well as to
functional space of (11.18) reads

A (@) = [2 [ By(y) 6 (2,9)* dy +j*(2)] (11.21)

by observing O, (z) =j,(z) due to (IL.4), (IL.12).
Then the Hermitean conjugate of (I1.20) reads

(4% (2) | @o)a) = (@ | 4 (x) =0. (11.22)

The results concerning this new set of operators
may be summarized in the following formulas, in
which raising and lowering of indices is performed
according to (I1.3). First the definition

A*(x) 1= [2[ G (x,y)js(y) dy +C*(2) ],
AF () 1= [2[ G (2, y) F(y) dy +j,.(2)] (11.23)

satisfying the commutation rules
[4%(z) 47 ()], =0,
[Ax(x) A:; (x,) ] $ = a:’ (I, I,) )

(I1.24)
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with
di (22') 1= 4 [ G (x,y) Gh (y2') dy

+050(z—2), (11.25)

where (II.25) is a symmetric function with respect
to (#2z) and (% 2"). Further the transformation

law
VA*(x) V"'=D"";4%(ax + D),
VA (@) V=D AS (az+b) (11.26)
and the relations
A*(2) | @p)e=c(@o| A () =0. (I1.27)

By means of (I1.23) to (II.27) a basis vector sys-
tem may be defined, namely the Hermitean functio-
nals for anticommuting sources and weighted ground
state.

A (za) [@0)c
(11.28)

A (7). ..

n=0,1,...

e2y) ) : -

!In(azll “n. s = V,;I

, OO
and their Hermitean conjugate
(In(z . . zn)l— i/ [ 6 (o] Au (21) -+ Aun (20).
ag
(I1.29)

For the formation of a functional scalar product
the adjoint state

<1n(zl Zn)l (50 00)5;,(56 oc)g:,

. (11.30)

. zg)] 2=
a, an

(In(zy ..
g

is required. Then by means of (II.23) to (II.27)

the functional scalar product

Ty (21 o B ] Lt o v

UnGat- oz )| 1nGas - 2a)) (IL31)
1 ’

=0 6nmp Z (- 1)pA(zl 79 cA(zn 2;,) ” Poc
n! Zn a,’ an an’ ain

can be evaluated with
A(z7) := (5G°6G)Ea(z7). (I1.32)
aad pa

As the norm of | @) is an unknown quantity it is
convenient to define the renormalized scalar product
by

(In|L)r = | @ |7 (In|In) . (11.33)

In addition to the basic functionals (I1.28) the non-
orthogonal Dyson functionals are required. They

are defined by
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— %1(—1)f9' %A*_I(—l)”'(—lVQ(th —t) Ot —13) ... Oty — ) T3y Tioe . 23, 0 (2 — 1)

J1Ageedn

(I11.7)
- ;(—1);!7,12 jlr(—l)’f (=10, —t,)... Oy —t) 2sy o 22,,0(x—2,) .

As the sign of (—1)?" is fixed by the orignal arrangement 4, ...4,, any change in the variables 2, — /,,
hs—> A3 ,... is connected with a change in sign. Observing this, (IL.7) can be rearranged to give

3

fa;Txl...znx,, =Tz cccy

+,§2(‘ 1)f£é;{( )P zp 82 —2) Ot — ). Ot s — i)
x{O(t,—1,) +F(t:—12,) =Pty —t) +...O (1, —2,) } (111.8)
=Tx1...xnx—:zl(——l)’é(x—x,) T e Bt B o 5
Gombining: (L8} with the equation of motion (1.1} we htain
(# 6L, +m ) T ¥y, (xy)... P, (z4) ¥s(2)
_ _iocfél(_ 1)78(z—2,) 8505 T W, (1) Ypos (@r-1) Yons (2r21) .. Ppo () . (IILI)

Observing further
0(x) jay). .. j(x) = ; (=)™ 18 (z,—2) j2y) - o+ j(@r-1) j(@raa)e o j(zn)
F(=1)"j(zy) ... j(zs) 3(x) . (I11.10)
The functional derivative of | T (j)) becomes with (II.15)

8, () 1%(,‘)):;20%- [OIT ¥, (2))-.. ¥y, (z2) Ts(@) | @) #(z0).. . () | @o) dzy. .. dz,.

(IT1.11)
Combination of (II.1) with (IL.9) then gives after elementary operations the desired functional equation

(i G2 3, +m o) B,(x) |T() ) = —i°CLjs () | T(j) ) - (I1L.12)



