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(Z. Naturforsch. 25 a, 575—586 [1970] ; received 20 February 1970) 

Functional quantum theory of free Fermi fields is treated for the special case of a free Dirac 
field. All other cases run on the same pattern. Starting with the Schwinger functionals of the free 
Dirac field, functional equations and corresponding many particle functionals can be derived. To 
establish a functional quantum theory, a physical interpretation of the functionals is required. It is 
provided by a mapping of the physical Hilbert space into an appropriate functional Hilbert space, 
which is introduced here. Mathematical details, especially the problems connected with anticom-
muting functional sources are treated in the appendices. 

The operator equations of quantum field theory 
can be replaced formally by functional equations 
of corresponding Schwinger functionals 1 _ 3 . To 
give this formalism a physical and mathematical 
meaning one has to develop a complete functional 
quantum theory as has been proposed in preceding 
papers 4' 5. Then the complete physical information 
has to be given by functional operations only. In 
this paper this program is realized for free relativ-
istic Fermi fields. This treatment is of physical as 
well as of mathematical interest. Mathematically it 
requires a thorough investigation of anticommuting 
sources, which has not been given so far. Physically 
it is required for the functional 5-matrix construc-
tion of interacting fields, as commonly is assumed 
that these fields contain asymptotic free particle sta-
tes which have to be described by functionals, too. 
In order to give a detailed treatment, we discuss a 
special case of free relativistic Fermi fields, namely 
the Dirac field. But the discussion shows that an 
application to other types of Fermi fields is quite 
obvious. To separate the essentials from mathemati-
cal details, the latter ones are treated in the appen-
dices. Throughout this article h = c = 1 is used. 

1. Fundamentals 

For the discussion of free relativistic Fermi fields 
we consider the special case of Dirac fields. Dirac 
fields can be formulated by Hermitean field opera-
tors 6. By the use of these operators functional cal-
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culations are simplified and the structural content 
of the theory becomes transparent. A thorough dis-
cussion of them is given in Appendix I. Denoting a 
Hermitean Dirac spinor by a{x) the field equa-
tions read 

( i ^ G i d ^ + m d i ) XFß (x) = 0 (1.1) 

where the quantities occurring in (1.1) are defined 
in Appendix I. The anticommutation relations for 
the quantized field are 

iwa(x) y , ( * ' ) ] + , * - * - =öaßd(x-x'). ( i . 2 ) 

For (1.1) (1.2) a representation space can be con-
structed containing all many particle states of an 
arbitrary number of free relativistic Dirac particles 
with mass m. We assume a) to be a state in this 
space. If necessary | a) can be specified further by 
its set of quantum numbers. 

Of fundamental interest are the transformation 
properties of the field operators. By invariance re-
quirements they transform according the law 

UWß(z) U~x = Dß rPx(ax + b) (1.3) 

where (a, b) are the transformation operators of a 
Poincare transformation in ordinary Lorentz space, 
D means a representation of (a, b) in classical spi-
nor space, and U a representation of (a, b) in phys-
ical Hilbert space. 

For the functional description we introduce spi-
norial source operators j2(x) and corresponding 
operators of functional differentiation d$(x) satis-

3 D. LURIE, Particles and Fields, Intercience Publ., New York 
1968. 

4 H. STUMPF, Z. Naturforsch. 24 a, 188 [1969]. 
5 H. STUMPF. Z. Naturforsch. 24 a, 1022 [1969]. 
6 J. SCHWINGER, Phys. Rev. 91 , 713 [1953]. 

This work has been digitalized and published in 2013 by Verlag Zeitschrift 
für Naturforschung in cooperation with the Max Planck Society for the 
Advancement of Science under a Creative Commons Attribution-NoDerivs 
3.0 Germany License.

On 01.01.2015 it is planned to change the License Conditions (the removal 
of the Creative Commons License condition “no derivative works”). This is 
to allow reuse in the area of future scientific usage.

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift für Naturforschung
in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Förderung der
Wissenschaften e.V. digitalisiert und unter folgender Lizenz veröffentlicht:
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland
Lizenz.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der 
Creative Commons Lizenzbedingung „Keine Bearbeitung“) beabsichtigt, 
um eine Nachnutzung auch im Rahmen zukünftiger wissenschaftlicher 
Nutzungsformen zu ermöglichen.



fying the anticommutation relations 

[/»(*) dß(x)] + =ö«ßö(x-x), 

[ / " ( x ) / " ( * ) ] + - 0 , (1.4) 
[ 3 „ ( x ) dß(x)] + = 0 . 

The transformation properties of these operators are 
assumed to be 

Vj*(x) V~x =D~icß jP(ax + b), 

Vda(x) V-^Didßiax + b) (1.5) 

where V means a representation of (a, b) in the 
corresponding functional space. A detailed discus-
sion is given in Appendix II. 

Then the generating Schwinger functional is de-
fined by 

Z(;,a): = (0\Texp{ifWa(x) ja(x) dx}\a) 

n=0 n • J 

• .. .j2"(xn) d ^ i . . . dx„ (1.6) 

where (0 is the physical vacuum state. Observing 
the transformation properties of fields (1.3) and 
sources (1.4) it follows that % ( j ) transforms under 
Poincare transformations like an invariant opera-
t o r 7 

Z'(j,a)=VZ(j,a) V-K (1 .7) 

To define the functional representation space com-
pletely, a functional vacuum state j<p0) has to be 

introduced. Then 

I 2 ( 7 , a ) ) : = £ ( / » | <Po> d - 8 ) 

transforms like a functional state and for j Z(j, a) ) 
the functional equation 

(^ Gi d. + mdi) dß(x) | X(/,«)) 
= -i°Gijß(x)\%(j,a)) (1.9) 

can be derived, see Appendix III. It should be em-
phasized that this derivation is possible only for the 
states (1 .8) but not for the operators. So the defini-
tion of the functional vacuum state is an important 
step. 

2. Eigenstate Functionals 

Defining by k the maximal set of quantum num-
bers for the quantum mechanical one particle solu-
tions of the nonquantized Dirac equation, the base 
vectors of the fieldtheoretic physical Hilbert space 
are given by J a) = j kt ... kn) where n = 0 , 1 , . . . , oo 
and ka runs through all possible quantum number 
combinations of the maximal set. The correspond-
ing functionals are defined by | %(j, kt... kn)) 
which can be obtained from (1 .6 ) , (1.8) by sub-
stitution of a physical base vector for Ja). One may 
suppose that these states play a similar role in func-
tional space, i. e. that they define a proper base vec-
tor set in this space. The calculation of them is pos-
sible by direct evaluation of the definition (1 .6 ) , 
(1.8) f o r | %(j,kl...kn)) . 

But a shorter procedure is the calculation by means of the functional equation (1 .9 ) . To do this we 
make the general ansatz 

I £(/)) — exp{ - hfjHx) Faß(x-y) jß{y) dx dy} | <£ ( / ) ) • (2.1) 

Then by elementary transformation of (1.9) an equation for ' &( / ' ) ) can be derived: 

( i < 0 „ + /n<52) [-[Fßy{x-y)jr{y)dy + dß(x)] \ <P(j)) = -i°G^jß(x) | <P(j)) . (2 .2) 

Assuming now F to be a solution of 

(ixGZd. + mdi) Fßv(x-y) = -i^Gayd{x-y) (2 .3) 

for | <£ ( / ) ) the equation (i" Gßa 3 ß + möi) dß{x) | # ( / ) ) = 0 (2.4) 

follows. Denoting by jß(x\k) the quantum mechanical one particle solutions of the Dirac-equation (1.1) 
a solution of (2 .4) is given by 

I $ ( / ) > = - . - p I / ( - 1) •' iß, {x, I kh) .../,„ (xn I K ) («!)... jß" (*„) k o ) • • • dxn . (2 .5) 

7 H. STUMPF, H. G. MÄRTL, and K. SCHEERER, to be publ. 



This can be verified by elementary calculus. As in (2.5) the quantum numbers kx... kn occur, it is 
obvious to put 

| %(j, k1...kn))= exp{ - b f ;•(*) Faß(x - y) jß{y) dx d y) (2.6) 

X - T P 2 f(-l)pfßAxi\kh)...fßn(xn\kXn) jHx1)...jß"(xn) \<p0) d ^ . - . d 

The final proof that (2.6) is valid can be given by means of subsidiary conditions. Due to the group 
theoretical structure of quantum theory any quantum number is connected with the diagonalization of 
an infinitesimal operator of the corresponding symmetry group. For these operators a representation in 
functional space can be given, too 7. In consequence any quantum number definition in physical Hilbert 
space by means of infinitesimal operators can be transferred in functional space leading there to the so-
called subsidiary conditions. As for this statements we refer to 7 we do not give here a detailed treatment. 
We only state that by means of these conditions (2.6) can be justified. 

3. Functional Orthonormalization 

In order to derive a functional quantum theory it is necessary to define a mapping of the physical Hil-
bert space into functional space, and to obtain by this way a physical interpretation of functional states. 
To do this we introduce a functional scalar product and examine its effect on state functionals of type 
(2 .6) . In analogy to the treatment of the harmonic oscillator functionals 8 we define the weighted func-
tional scalar product by 

(Zü)\ %(j))w.= (g(j)%(j)\g(j)%(j)) (3.1) 

with g(j) : = (3.2) 

where F is the twopoint function of Sect. 2, while G is a general weighting function which will be fixed 
later. Observing (11.19), (11.34), and (2.6) we obtain from (3.1) 

[Z(i,k[...kn) | %{j,kx...km))w 

= f p ' 2 ( - l ) P ' f ß i (z'l I k',<) ...fß<n (Xn I k','n) PI(-l)PfßAxm\ hJ • • • f ßm (*11 hm) (3.3) 

ri , r r 1 r"» , , 
X (D n { x X . . . X N ) j Dm(xX . . . XY^) ) dxi ... dxn dxj... d:^ . 

As the functions fß(x\k) are real functions, they are reproduced by complex conjugation in the adjoint 
functional { % { ] ) \ leading thus to (3.3). Using the summation convention of Appendix II evaluation of 
(3.3) acording to (11.45) gives 

[%{j,k[...k'n) \%{j,kx...km) w 
-p 2 ( - I K / (a* I hl)...f(xn | k\'n) p 2 ( - l)pf(x11 kh).. .f(xm | kXm) 

V . . . V H . . . L M ( 3 . 4 ) 
( _ 1 (n+m)l2 1 

x J 2 m ) l 2 x , - a g > / : t ( » - 2 C ) i ( ä r t P J f r i ) • ' ' J ' ' ' J « 
1 ?2o + m-1 • 

For the effective calculation of (3.4) it is neces- both suggested by the current expression of Appen-
sary to fix the weighting function G. We make the dix I. As (3 .5) , (3.6) are Poincare forminvariant 
ansatz quantities, it is sufficient to evaluate (3.4) in a spe-

Gl' (x,x) := d(x-x') fr (x) (3.5) c i a l f r a m e o f r e f e r e n c e d e f i n e d b y « = = ( 1 , 0 , 0 , 0 ) . 
a n ( j In this frame of reference (3.5) becomes 

P (x) : = i XG%' aAf{a"x',) (3.6) G*> (x,x) ~&d(x-x') f(ax) (3.7) 

8 R. WEBER, Thesis, University Tübingen 1 9 7 0 . 



with 
Z*,:=iQGZ>. (3.8) 

All weighting functions appearing in (3.4) are 
functionals of G. The corresponding functional rela-
tions are derived in Appendix II, namely (11.25), 
(11.32), (11.36), (11.39), and (11.43). By the spe-
cial choice of G (3 .5) , (3.6) , resp. (3.7) , (3.8) a 
straightforward and exact calculation of these func-
tions is possible. We give its result for the rest 
frame (3.7) , (3.8) 

A(xz') = i5G°G)xxr S(x-x') a(z'), 
X x' 

C(xx') = ZXK' d (x — x) c(x') = C(xx'), (3.9) 
X X x x' 

A(xx') = gxx'd (z — z') d(x ' ) =A(x:v) 
X x' X x' 

with a(x) := l+f2(x), 
c(x) := f(x) a(x), (3.10) 

oc 
d(x) := I f2n(x). 

u — 0 
For (3.4) the following combinations are required 

ß' r,' 7] ß 
f A{x' ?) £) Atfx) dfdf 

n' v 
= (5G°G)Wd(x-x) bx{x) (3.11) 

with bx(z) := d2(z) a(z) (3.12) 
and 

ß'v' ß 
fA(x'?)C{?J)A{£x) did!' 7]' Tj 

= ZWd{x-x) b2(z) (3.13) 

with b2(z) := d2(x) f{x) a(x). (3.14) 

Substitution of (3.11), (3.13) into (3.4) gives then 

(%ij,k[ ...k'n) \%ij,kx...km))w 

= f p i ( r 1V fß\ (x'l I k',0 ...fß'n (x'n I k','n) pI(-l)P fßlixx I kh) ...fßl (xm | kk J 

X 2 2 1 {*G*G)Md(z[ -zx)bxiz'2) ... Hn-2Q)l-Hm-2e)\ (2 e ) ! - ( 5 ( ; 0 ( ; ) ^ ^ _ ^ b ^ 

X ^ w ' 2 e + 2 d(z2e+! -x2e+2) b2(x2e+2)...Zß,"->ß,"d(x'n-i -x'n) b2(x'n) (3.15) 
X zß2e+lß2e+2 d ix2o + i-x2o+2) b.2ix2o + 2) . . • 1ßm~x ßm <*>ixm-\-xm) b2(xm) dxj ... &x'n&xx ... dxm . 

Now it is according to (1.39), (1.40) 

f W (x I k) i5G OC) *ß ffi iz | k') bx (x0) dx =J* [fu f'la + f2a f2a] bx (z0) dz = dkk- , 
ffß'(x\k) Zß'ßfßiz\k') b2iz0) dx = J [/la /2a -fzaf'i a] M * 0 ) ^ = 0 (3.16) 

if the function bx (x0) is properly normalized. But this can be achieved by an appropriate choice of / (x 0 ) 
appearing in (3.10). Therefore the orthonormality relations 

(%(j,k'x ...k'n) \Z(jkx...km))W = dnm\pI ( - 1 )Pd(k[ -kh)...dik'n-K) (3.17) 

follow directly from (3.15) by observing (3.16). 

4. Localized Free Fields 

Besides the free particle states with definite four momentum, also a description of localized wave packets 
is needed for the purpose of 5-matrix construction. Dividing the quantum numbers k of the maximal set 
of Sect. 2 into the four momentum quantum numbers p : = (p, p0) and the additional quantum numbers 
sa like spin, charge etc. an explicit representation of the corresponding states (with definite four momen-
tum) is given by 

\kx...kn) : = a + ( p 1 s 1 m ) . . . a + ( p w s r e m ) |0) (4.1) 

where a+ (p , s, m) are the creation operators of particles with these quantum numbers. To construct wTave 
packets, wre introduce the creation operators of localized particles by 

qns(t) := flnilt) a+ii s m) df (4.2) 



where n denotes the set of wave packet functions and the fn are orthonormalized we obtain from (4.2) 
by observing the anticommutation relations of the a and a+ 

[qns(t), qSu' («)] + =önmöss', [qns(t) qms'(t)] + = [qts (t) q™' (0 ] + = 0 . (4.3) 

Therefore the states of localized particles 

|n1s1 . . .nOT5TOt) : = q£Sl (t)... qtnSn (t) |0) (4.4) 

are orthonormalized due to (4.3) 

(n[s[ ...n'ms'mt\n1s1...nnsnt}=dmnp2 ( - 1 ) p <3n'injll dt'lStl ... Sn'mnXm 6s'Xmgm *. (4.5) 

These properties can be transferred into functional space. Observing 

| n1s1.. .nnsnt) = f fm (lxt)...jnn [lnt) a+(t1s1m) ... a+{in sn m) J 0) dkx d kn (4.6) 

and the definition of the corresponding functional states (1.6) we obtain by combination of (4.6) and 
(1.6) the localized state functionals 

| £(/, nisi...nnsnt)) : = / fni (!x t)... /„„ (fB t) \ %(j, t1s1...tn sn) )dkl... d kn . (4.7) 

By k : = (f, s) the orthonormality relation (3.17) can be specified, to give the orthonormality relation 

(% (;', n[ s[ ... nm smt) j % (j, n1sl...nnsnt)) =Smnp2 ( - 1 ) p dninn ÖS'1S/, ... dn'mTlXm ds'mg,m (4.8) 

for the localized state functionals. 

It is still convenient to express the localized state 
functionals (4.7) not in terms of the original field 
operators xPa{x) but in terms of quasilocalized field 
operators arising from the definition (4.2). To do 
this we represent the creation (and destruction) 
operators by the original field operators. This gives 

a (p , r ) = (2 n) -s/l / eipx f? (p) Wa(x) dr (4.9) 

and it follows 

qnr(t)=frnr(x) XFa{x) dr (4.10) 

With / Kr (r) jw (r) dr = 6nn' Sr/. (4.11) 

Assuming an expansion of ja (x) into 

}*{X)= I fls (X) jns(t) (4.12) 
ns 

we obtain by substitution of (4.12) into (1.6) by 
(4.10) 

%(j,n1s1.. .nnsnt) •• (4.13) 
= {0\T exp{i2f qns(t) jns{t) d i } | / i 1 5 1 . . . n n s w f ) . 

ns 

which gives the desired representation by quasilocal 
field operators. 

* Aus satztechnischen Gründen mußte hier und im folgenden 
im Index statt usw. Al gesetzt werden. 
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Appendix I 

a) Quantum Mechanical Case 

The ordinary Dirac equation reads 

{-iy5ßdß + mdaß) y>ß(x) = 0 . (1.1) 

Defining the adjoint spinor by yjp(x) : = ifa(x) 
its equation reads 

V a ( x ) ( i y Z ß d ß + mda ß) = 0 . (1.2) 

Putting now 

yjß(x) = : <plß(x); y?ß (x) = : <pSfi(x) (1 .3) 

real spinorial wave functions 

^oß{x)=c^cp,ß{x) (1 .4 ) 

are introduced with 

' - - M J D ' — M i 1 - ! ) - ( L 5 ) 



By elementary calculus Eqs. (1.1), (1.2) can be 
combined to give an equation for the real spinorial 
wave functions 

(i GUe 3 , + m dacßo) Wßo{x) = 0 (1.6) 

with G1eßQ c7xl rtixßxcio (1-7) 

and = (1.8) \ u y <xßi 
The transformation law of ordinary Dirac spinors 
reads 

xp'zix) =Saß(a~1) xpß{ax +L) (1.9) 
for Poincare transformations (a, L), Putting 

5 = Re 5 + i Im 5 

for real spinors the transformation law 

K* (*) =D„a0ß{a-*) VQß{ax' + L) (1.10) 
can be derived with 

D, (1.11) 
Re Saß — Im Saij i 

W — \ Im Saß Re Sal 

As (1.1) and (1.2) are forminvariant equations 
under Poincare transformations the derivation of 
(1.6) is valid in any frame of reference, and there-
fore (1.6) is also a forminvariant equation. Hence 
it follows by the usual procedure, that the G" trans-
form acording to the transformation law 

DXzlß Ggßxö Dy$ev = a], Gyjxcv (1.12) 

(1.12) suggests to consider the Gu matrices to be 
mixed co-contravariant tensors in spinor space due 
to their transformation properties. Therefore in ana-
logy to ordinary tensor calculus we define the mixed 
spin tensors 

XG% : = G'oß,xö numerical identity 

= (1.13) 
Then the Eq. (1.6) reads 

( f G t i d „ + md%) Wßo{x) = 0 (1.14) 
and the transformation law (1.12) 

D~ißxi Dyö = a j (L15) 
where Z ) - 1 is defined by the invariant relation 

D ' ^ D Z = 0 $ . (1.16) 

In the following besides the tensors (1.13) an ad-
ditional tensor 

»G* c ~ K * r t c \ (1.17) 
is required with 

0 \ 
0 €)• 

5 r>ß . _ 1 IK • (1.18) 

By direct calculation it can be shows that (1.17) is 
a forminvariant quantity i. e. 

=D~ l e / a Dxö 5Gfß. (1.19) 

Now we are in the position to consider the most 
important Poincare invariant resp. covariant expres-
sions, first of all the invariant Tp xp. By means of 
(1.4) we obtain 

ww-= vi riß Vß = * dM riß ^ • (I.20) 

As the wavefunctions transform according to (1.10), 
and (1.20) has to be an invariant, the identity 

V ^ d ^ W ^ W ^ ^ W ^ (1.21) 

has to be valid, where the metrical fundamental ten-
sor in spinor space is defined by 

guaoß . = dfl0y^ß numerical identity . (1.22) 

By means of the transformation properties of y° it 
can be shown that g is a forminvariant quantity 
under Poincare transformations, i. e. 

gua oß = Dß*a, DQßß, g.u'a' e'ß' (J 23) 

in accordance with the transformation law of a 
double contravariant tensor. The simultaneous vali-
dity of (1.23) and (1.15) both containing 70 is no 
contradiction, as the same phenomenon occurs in 
ordinary Dirac theory. 

The metrical fundamental tensor can be used to 
raise resp. to lower the indices. Especially 

XF ßa gfa ^ (1.24) 

transforms like 

r^(x') = D~Kßx W*l(ax+L) (1.25) 

due to the invariance of 

The next important quantity is the current. It is de-
fined in ordinary theory by j1 = xp yx xp. For our 
purposes we require only a specialized form namely 

jl{x\kkf) :=rt{x\k){y,yl)aßVß{x\k') (1.27) 

where xpa(x\ k) is a solution of (1.1) for the maxi-
mal set of quantum numbers, defined in Sect. 2. 
For (1.27) a conservation law 

fdox?{x\kk')=fdo,?{x\kk') (1.28) 
21 2" 

is valid, with 2 and 2' spacelike surfaces. Special-
izing to planes 

Z:=a"xfl + b = 0 ; 2 " : = a'" xfl + b' = 0. (1.29) 



(1.29) can be written 

faxji{x\kkf) <3(a"xu + 6) dx = f a jx(x J k k') ö (a" + b') dx . (1.30) 

As b can varied arbitrarily we may have with / G{b) d6 = 1 

/ jx (x \kk') d (a" xfl + b) dx = f ax jx (x | k k') 6 (a" xß + b) G(b) dx d& 
= fax j* (x\kk') G(- a" x u ) dx . (1.31) 

On the other hand by putting au= (1, 0, 0, 0) we obtain combining (1.31), (1.30) 

fajHz\kk') G( — a" xß) dz = / t ^ ( r 0 | k) 0 | A:') dr = dkk- (1.32) 

i . e . f y* (x\k) (y0yx)a/}axd{x-y) G(-a"xfl) yjß(y\k')dy dy = dkk-. (1.33) 

Now we express this relation in real spinors. We state that 

ff**{x\k){WG)&axd{x-y) G ( - a " x „ ) foß{y\k') d x d y = dkk> (1.34) 

is valid with foe(x\k):=c'e(p^(x\k). (1.35) 

To prove this statement we observe (1.34) to be an invariant under Poincare transformations. There-
fore (1.34) is valid, if it is valid in a special frame of reference. For this special frame we choose 

G(— a" Xfi) = < 5 ( x 0 ) . (1.36) 

Then (1.34) becomes 

/ / "*(r, 01 k) (5G° G)ax fQß(I? 01 k') dr = / [ / l a ( r , 0 1 k) / l a (r ,01 k') + f2a(x,0\k)f2a(v,0\k')]dx (1.37) 

by straightforward calculation. On the other hand we have by direct substitution 

< W = J>«(r ,0|Ä; ) yß(x, 0 \ k') dr = f[hafl* + f2afL] dx + if[flafL - / 2 « / i « ] dr. (1.38) 

As / is completely real it follows 

/ [fu(r, 01 k) fla(r, 01 k') +f2a(r, 01 k) f2a(r, 01 k') dr = 6kk> (1.39) 

and / [ / i « ( r , 0 | £ ) / 2 a ( r , 0 | A O -f2a{x, 0 I A;) /ia(r, 0 I k') dr = 0 . (1.40) 

Combining (1.37) with (1.40) the statement (1.34) is proven. 

b) Field Quantized Case 

In this case ip{x) becomes an operator in Hilbert 
space, and the adjoint operator y ( x ) is defined by 
y)ß (x) = yj+ (x) y where xp+ means the Hermitean 
conjugate of ip in Hilbert space. These operators 
satisfy the Eqs. (1.1) and (1.2) . Additionally they 
satisfy the anticommutation relations 

[y>a(x) y>t (x)] +,*„=*/ =<5(r-r') d.aß 1 . (1.41) 

[yja(x) yjß(x') ] +/*„=*„- = [wi O) vt (®) 1 +/*.=*.' 
= 0 . (1.42) 

Defining now 

yjß(x) = : (fiß(x) ; ipß (x) = : cp2ß{x) . (1.43) 

Hermitean field operators are introduced by 

xF0ß{x)=c^cp,ß{x) . (1.44) 

Then the anticommutation rules (1.41) , (1.42) go 

over into 

[SPU*) ]+/*.=*.' = d(x-x') SfiaQß 1 (1.45) 

and the Hermitean operators satisfy Eq. (1 .14 ) . 
The operator transformation law is for ordinary 

Dirac operators 

Uyjß(x') I T 1 =Sßa(a~1) ya(ax' + L) (1.46) 

and in Hermitean operators 

U Vß0{x') U~1 = DfQ V^ax' + L) (1.47) 

For simplicity we replace the double indices ßQ by 
only one index in the following calculations as long 
as no misunderstanding is possible. Then we obtain 
the Eqs. ( 1 . 1 ) , ( 1 . 2 ) , ( 1 . 3 ) . 

Appendix II 

Formally we introduced anticommuting sources 
jma(x) a n d corresponding functional derivatives 



3W a (x) for Hermitean field operators defined in 
(1.44). Like in Appendix I we replace the double 
indices n a by only one index in the following cal-
culations as long as no misunderstanding is pos-
sible. Before discussing the existence of these ope-
rators we write down the conditions which they 
should satisfy. These are the Poincare invariant 
anticommutation rules 

[ja(x) /«'(»)] + = 0, 

[/«(ar) da'(x)]+=ö^ö(x~x'), (II.1) 
[3*(x) 3 a V ) ] + = 0 

together with the transformation law 

Vja(x) V-i = Dijß{ax + b), 

Vda(x) V-1 = D~1fdHax + b) ( I I .2) 

for Poincare transformation {a, b) where V is a re-
presentation in functional space, and 

3°Or) : = <fßdß{x); /»(*) : = ^ jß{x) (II.3) 

are defined in accordance with (1.24). It can be 
shown easily that (II.2) effects the invariance of 
(II.1). Therefore (II.2) and (II.1) are consistent 
conditions. 

To prove the existence of j and 3 we show that 
this problem can be reduced to the existence prob-
lem of ordinary creation and destruction operators 
of free relativistic fields. To do this we make the 
ansatz 

ja(x) = 2 f ca(p I *) eipx a~ (p) dp , (II.4) 
x 

where the integration runs over the entire Lorentz 
space. (II.4) can be divided into invariant subspace 
integrations 

/ ' « ( * ) = 2 [ M {p\x) eipx c4+ (p) dp 
* Lt 

+ fcscx(p\x) eipx al+ ( p ) d p ] , (II.5) 
Ls 

where Lt denotes the manyfold of timelike or light-
like vectors p2 ^ 0 and Ls the spacelike vectors 
with p 2 < 0. To define the quantities occuring in 
(II.5) we observe that a division into classes is pos-
sible by the mass values p2 = mr (timelike, light-
like) , p2 = — /-i2 (spacelike). Then a class is defined 
by a fixed value of m esp. u, and each p can be 
contained only in one class. In each class exists a 
rest system with m : = m e0 resp. p : = jue1 and 
for any p of this class a Lorentz transformation 
atp = m resp. asp= p. exists. Therefore we may 

define 
ci (p \x) :=Dßa (a*-1) 4(m|*), p£Cm, 
csa (p\x) := Dß (a5"1) c% (fx | x ) , PeCß. (II.6) 

Additionally one should distinguish between for-
ward and backward lightcone, but this is a com-
plication which can be omitted for these considera-
tions. 

As the scalarproduct is an invariant quantity the 
definition of classes is Lorentz invariant, too. There-
fore for any Lorentz transformation w p = p, with 
p E Cm resp. Cß it follows p e Cm resp. Cß , and 
the transformation law 

c'Ap'\x)=Dßa(w-1)cß(wp'\x) (II.7) 

is consistent with the definitions (II.6). To investi-
gate the transformation law of (II.4) we calculate 

DZ (w-1) jß(wx) = 
•2 f Di (w-1) cß(p \x) eipwx (p) dp , (II.8) 

X 

which becomes with pw=^p , (II.7) and the group 
properties of D 

Dßa (w-i)jß{wx)~ 

= 2 / c a { p \ x ) eip'xa+ ( p ' w - 1 ) dp'. (II.9) 
X 

Due to the arguments given before also the ax(p) 
belong uniquely to one class. Therefore we put 

ai+ (p) : = a~ (p, m), p e Cm, 
asx+ (p) : = at (p, , (ILIO) 

where a {p, m) resp. a (p, ju) are creation opera-
tors of ordinary free relativistic fields of mass m, 
resp. i ff. For these operators the transformation law 

V{w) at {pw'1) V'Hw) =a+ (p ) (11.11) 

is valid, and therefore substitution of (11.11) into 
(II.9) gives (II.2) for homogeneous Lorentz trans-
formations. To construct the functional derivatives, 
we put 

3%) = I f cß{p\x)x e~ipxay.(p) dp . (11.12) 

and require 

2 c/3 ( m | x)cß'{m \x)x=dßß . (11.13) 

X 

Then by the invariance of 

ycß{p | x)cß (p | x)x = 2cß{m | x) cf' {m J x)x (11.14) 
one realizes by direct calculation that (II.1) is 
satisfied. It is easy to extend (II.9) to inhomogene-



ous Lorentz transformations, so that an explicit re-
presentation of j and 3 is given, satisfying (II .1) , 
(II.2), provided the ax(p,m) resp. ax(p,/.i) exist. 
This is asumed in the following. 

To construct appropriate functional spaces wTe do 
need an additional information about the functional 
ground state. In the simplest case we require 

dfi(x) k o ) = 0 , (11.15) 
where I 9?0) denotes the functional ground state. The 
possibilty of the condition (11.15) is obvious due 
to (11.12). Starting from this formula various func-
tional spaces may be generated by using the weight-
ing functional 

e~iGi : = e x p { - f j a ( x ) G^{x,y) jß{y) d x d y } , 
(11.16) 

where G is an antisymmetric function in (a, x) and 
[ß,y). For (11.16) the relation 

A*(x) e'M = e~iGi d*(x) (11.17) 

holds with 

A"(x) : = [2 fG*ß(x,y)jß(y) dy + d*(x)] . (11.18) 

Then a weighted ground state | 9?o)o m a y de-
fined by 

ko)o:= e~M\<p0) (11.19) 

and from (11.15) (11.17) follows 

Ax{x) \cp0h = 0. (11.20) 

The total Hermitean conjugate, i. e. the Hermitean 
conjugate with respect to spinorial as well as to 
functional space of (11.18) reads 

A*+ (x) = [2 / 3 , ( y ) G*ß{x, y)+dy + j*(x) ] (11.21) 

by observing 3* (a;) = j+x{x) due to (II.4), (11.12). 
Then the Hermitean conjugate of (11.20) reads 

(A"(x) \<PO)G)+ = G(<PO\A«+(X)=0. (11.22) 

The results concerning this new set of operators 
may be summarized in the following formulas, in 
which raising and lowering of indices is performed 
according to (II.3). First the definition 

A"(x) := [2 fG*ß(x,y)jß(y) dy + 3 » ( x ) ] , 
At (x) := [ 2 f G ° ß ( x , y ) 3 H y ) d y + / , ( » ) ] (11.23) 

satisfying the commutation rules 

[A"(x) A*' (x) ] + = 0 , 
[A"(x) At (x)]+ — ax> (x,x), (11.24) 
[At (x) At' (x')]+ =0 
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with 

al' (x x') : = 4 f C * ( z , y) G%x' (y x') dy 
+ d*x'ö(x-x), (11.25) 

where (11.25) is a symmetric function with respect 
to (xx) and (x x). Further the transformation 
law 

VA*{x) = D"1^ A- (a x + b), 
V At (x) V~x = Di Ag (ax + b) (11.26) 

and the relations 

A*(x)\cp0yG = G((p0\At (x)=0. (11.27) 

By means of (11.23) to (11.27) a basis vector sys-
tem may be defined, namely the Hermitean functio-
nals for anticommuting sources and weighted ground 
state. 

| In(zx...zn)) : = -y At (zx)... Atn (zn) | 9?0)g , 
a1 an Vn\ 

7i = 0 , 1 , . . . , oo (11.28) 

and their Hermitean conjugate 

(In(z1...zn) |= , -R<3,(<Pt\Aai{zx)...Aan (ZN). 
at an Vnl 

(11.29) 

For the formation of a functional scalar product 
the adjoint state 

</„ (*!...*,) | := (In{zx...zn)\{5G °C) i\' (5G o C) fr 
cti ßi ßn (11.30) 

is required. Then by means of (11.23) to (11.27) 
the functional scalar product 

{In{zX ... zm ) | In(zx ... zn)) 
a/ am' an (11.31) 

= Km P I ( - 1 ) •P A ( * i ZH) ...A(ZN ZXN) || <POG || 
n- Xi...X„ a / a;.i an' aXn 

can be evaluated with 

A(zz) := (5G°G)aa(z z'). (11.32) 
a a' ß a 

As the norm of | cp0).G is an unknown quantity it is 
convenient to define the renormalized scalar product 
by 

(Tm\In)r:= II P o o l " M / J / n ) . (11.33) 

In addition to the basic functionals (11.28) the non-
orthogonal Dyson functionals are required. They 
are defined by 







- 2 ( - l ) r p ' l * r ( - l ) P ' ( - l ) 2 < 9 ( ^ - * r ) &(tr-ht)...e(tXn_1 - t K ) xXl xl3...xind(x-xr) r= 1 i.il3...Xn=l 
: (HI.7) 

- 2 ( - l ) r p ' 2 + r ( - l ) P ' ( - l ) w @ ( f , 1 -<r)Xix . . . X ^ ^ X - X , ) . 
r = l i , . . . An .1=l 

As the sign of ( — l ) p ' is fixed by the orignal arrangement . . . Xn , any change in the variables , 
A 2 - > A 3 , . . . is connected with a change in sign. Observing this, (II.7) can be rearranged to give 

3 T — T 

+ 2 ( - 1):r P 2 + r ( - 1) p xXl... xi*.,. d (x -xr)&(th - t h ) . . . 6 (tln.t - hn.t) 
r = 2 ; 2 . . . A n = l 

X { 0 (tr - t j + 0 (tr ~ tU) - 0 (tr - tXl) + . . . & ( t ^ - tr) } ( I I I . 8 ) 
n 

= 7 , x 1 . . . x „ x - 2 ( - l ) r < S ( x - x r ) T xx.. . x r _ ! xr + i . . .xn . 
r = 1 

Combining (III.8) with the equation of motion (1.1) we obtain 

(i> 3m + m öZ) T Wtl (xt) (xn) W fix) 

= -i°Gpx 2 ( - l ) r <5(x-x r ) d „ T ¥ t l (x,)... ^ (x r_i ) Wßr+l ( x r + 1 ) . . . ( x j . (III.9) 

r = 1 

Observing further 

3 (x ) ; ' (xi) . . . / (a:») = 2 ( - l ) r + 1 <Hx r -x ) j(x1)... j(xr.1) j(xr+1)... j(xn) 

+ ( — I ) " j(xl) • • • j(xn) 3 (x) . (111.10) 

The functional derivative of | %(j)) becomes with (11.15) OO 
3* (X) | 2 ( ; ) ) = i 2 - V / (0 I T Wfil M . . . (xn) Wß(x) \a) j ^ x j . . . (x„) | <p0) d x x . . . dx„ . 

( I I I . l l ) 
Combination of (II.1) with (II.9) then gives after elementary operations the desired functional equation 

(*> Gi 3m + rn%) dß(x) \%(j)) = -i°Gßajß(x)\Z(j)) . (111.12) 


